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Simple Logistic Regression

1 The model

Suppose that we perform N experiments. Form distances of 1 to 20 feet
from the hoop a player shot the ball and recorded hit or miss. Setting X =
distance form the hoop, in the i-th experiment we observe Yi = 0 or Yi = 1.
The the pdf of Yi is given by:

fi(yi) = π
yi

i (1− πi)
1−yi (1)

where: yi = 0, 1 and πi depend on xi.

To model this dependency a popular choice is

πi =
exp(α + βxi)

1 + exp(α + βxi)
. (2)

that can be equivalently rewritten as

log(
πi

1− πi
) = α + βxi. (3)

We may have several Bernoulli trials for each selected value xi, of the
regressor variable. For instance, the player may shoot the ballMi times from
distance xi. Let Yi be the number of success out of the Mi trials conducted
at Xi Assuming the independence of the individual Bernoulli trials, Yi has a
binomial distribution with Mi trials and success probability πi.

2 Estimation

The simple logistic regression model consists of N ≥ 2 independent random
variables Y1, Y2, ..., Yn such that:
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1. Yi ∼ binomial(Mi, πi) for i = 1, 2, ..., N, where the Mi ≥ 1 are fixed
integers, and

2. logit(πi) = log πi

1−πi

= α + βxi, for i = 1, 2, ..., N.

In this example all Mi are equal to 1.
In this model the conditional mean of Y , given X = x is:

E[Yi|xi] = Miπi = Mi

exp(α + βxi)

1 + exp(α + βxi)
. (4)

We are now going to find the maximum likelihood estimators of α and β.

The log likelihood function is:

l(α, β) = c+
n

∑

i=1

[yi log πi + (Mi − yi) log(1− πi)], (5)

where c is a constant that does not depend on the unknown parameters.
Rearranging terms we have:

l(α, β) = c+
n

∑

i=1

[yi(α+ βxi) + (Mi) log(1− πi)], (6)

Therefore the elements of the score function are:

Sα =
∂l(α, β)

∂α
=

n
∑

i=1

(yi −Miπi) (7)

and

Sβ =
∂l(α, β)

∂β
=

n
∑

i=1

xi(yi −Miπi) (8)

To find the maximum likelihood estimates we need to solve the equations
Sα = 0 and Sβ = 0. For numerical maximization we may use the information
matrix I(α, β).

I(α, β) =

[

∑n
i=1

Miπi(1− πi)
∑n

i=1
xiMiπi(1− πi)

∑n
i=1

xiMiπi(1− πi)
∑n

i=1
x2

iMiπi(1− πi)

]

This matrix is positive definite provided that there are at least two different
values xi and provided that the value of πi is not identically equal to 0 or 1
for i = 1, 2, . . . , n

In this example:
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1. N = 20

2. Mi = 1 for i = 1, 2, ..., 20

3. xi = i for i = 1, 2, ..., 20,

4. y = (1, 1, 1, 1, 1, 0, 1, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0).

The log-likelihood function take a unique maximum at α̂ = 2.271 and
β̂ = −0.276. Starting with α(0) = β(0) = 0, the procedure converge in 5
iterations. The algorithm converges quite rapidly, due to the fact that the
log-likelihood function is well approximated by a quadratic function in the
neighborhood of the maximum.
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